




https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
























































































































































































































































































































































































































































































































































24

4

68

263263

                   Use quadratic, exponential, logarithmic 
and trigonometric functions and matricesEDX140

7.10   Some applications of determinants
1. Equation of a circle
Given three points, the equation of a circle may be derived using determinants.

Using determinants the coefficients D, E and F in the general equation of the circle:

    x2 + y2 + Dx + Ey + F = 0 

can be calculated from:  
  

p y x p x y p
q y x q x y q
r y x r x y r

1 1 1 1

2 2 2 2

3 3 3 3

1 1
1 1
1 1

K K K
= = =D E F

where: 

x y
x y p x y q x y r x y
x y

1 1
2 2 2 2 2 2

2 2 1 1 2 2 3 3

3 3

1
 1 ( ) ( ) ( )

1
= = − + = − + = − +K

It can be shown that K is double the area of the triangle formed by the three points. 
Thus:

   Area of triangle = 
x y
x y
x y

1 1

2 2

3 3

1
1 1
2

1
 

where this value is always taken as positive.

Example 1 Find the equation of the circle through the points (1, 2), (−2, 0)  
   and (−1, −5) and calculate the area formed of the triangle formed by the  
   three points.

   Here: p 2 2(1 2 )        ( 5)= − + = −

   K =  

1 2 1
2 0 1
1 5 1

−
− −

 = 17 q 2 2(( 2) 0 )    ( 4)= − − + = −

    r 2 2(( 1) ( 5) ) ( 26)= − − + − = −

   Then: 

5 2 1
4 0 1

26 5 1 49  
17 17

−
− 
− − ⎛ ⎞= = −⎜ ⎟

⎝ ⎠
D  
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Activity 7.10
1. Verify that the equation of the circle through (5,3), (6, 2) and (3, 4) is 

   x2 + y2 − 3x + 3y − 28 = 0.

 Also show that the area of the triangle formed by the three points is 0.5.

2. Using determinants, find the in-centre of the triangle with vertices

   A(0, −3) B(12, 15) and (−7.5, 2). 

3. Calculate the area of the triangle formed by the vertices with coordinates 

 A(3, −2), B(−4, 1) and C(8, 3). 

4. Find the equation of the plane through (1, 1, −1), (−2, −2, 2) and (1, −1, 2).

5. A plane passes through (2, 0, 0), (0, − 4, 0) and (8, 0, 0). Find its equation.

6. Under the transformation with matrix 
2 1
1 3

⎛ ⎞
⎜ ⎟
⎝ ⎠

 the unit square OABC 

 [ie the square with vertices O(0, 0), A(1, 0), B(1,1) and C(0,1)] is mapped onto a  
 parallelogram OA'B'C'.

 a) Obtain the coordinates of this parallelogram.

 b) Calculate the area of this parallelogram.

 c) Calculate the determinant of the transformation matrix.

 d) What conclusion did you reach? 
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Answers to activities
Activity 7.1
1. a) 2 by 2 b) 2 by 2

 c) 3 by 3 d) 2 by 4 

2. a) 9  b) 4   c) n2

3. a) 
1 3
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 b) 
1 0
0 1

⎛ ⎞
⎜ ⎟
⎝ ⎠

  c) 
3 2 4
3 3 6
5 5 0

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 d) 

1 6
2 2
3 0
4 1

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟−
⎜ ⎟

− −⎝ ⎠

4. 0 1 2
1 0 1

− −⎛ ⎞
⎜ ⎟−⎝ ⎠   

Activity 7.2

1. a) 0 0
9 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 b) 
4 2
3 2

⎛ ⎞
⎜ ⎟−⎝ ⎠

 c) 

5 1
6 2
5 17
6 15

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

2. 

1 1
3 20
1 1

30 18

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

3. 
5 8

12 2
⎛ ⎞
⎜ ⎟−⎝ ⎠

4. x = 0 and y = 5 

5. a) 6 0
4 2

⎛ ⎞
⎜ ⎟− ⎝ ⎠

  b) 12 3
9 6

−

−
⎛ ⎞
⎜ ⎟
⎝ ⎠

 c) 6 3
5 4

−

− 
⎛ ⎞
⎜ ⎟
⎝ ⎠

 d) 18 3
13 8

−⎛ ⎞
⎜ ⎟−⎝ ⎠
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4. AB−1 = 

3 1
7 7

15 9
7 7

⎛ ⎞
⎜ ⎟
⎜ ⎟

−⎜ ⎟⎜ ⎟
⎝ ⎠

  B−1A = 

4 10
7 7
5 2
7 7

− ⎛ ⎞
⎜ ⎟
⎜ ⎟

−⎜ ⎟⎜ ⎟
⎝ ⎠

 

5. X = A−1B = 3
2

−⎛ ⎞
⎜ ⎟
⎝ ⎠

 

6. 
1 0
0 1

⎛ ⎞
⎜ ⎟
⎝ ⎠

7. X−1 = 
. .5 3 2 5 1 51

6 4 3 220 18
⎛ ⎞ ⎛ ⎞

=⎜ ⎟ ⎜ ⎟− ⎝ ⎠ ⎝ ⎠
 

8. 
k
1

Activity 7.5

1. 
x
y

2 3 9
5 7 22

−⎛ ⎞⎛ ⎞ ⎛ ⎞
=⎜ ⎟⎜ ⎟ ⎜ ⎟−⎝ ⎠⎝ ⎠ ⎝ ⎠

, 
x
y

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
7 3
5 2

−⎛ ⎞
⎜ ⎟−⎝ ⎠

9
22

⎛ ⎞
⎜ ⎟
⎝ ⎠

 = 
3
1

⎛ ⎞
⎜ ⎟−⎝ ⎠

 

2. x = 4 and y = 7

3. x = 3, y = 1 and z = −1 

4. a) MN = 
1 0 0
0 1 0
0 0 1

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

  b) M−1 = 
11 5 3

1 8 4 2
2

7 3 1

− −⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟−⎝ ⎠

 

 c) 
1 11 5 3

1  2 8 4 2
2

9 7 3 1

x
y
z

− − −⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= × −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 = 
24

17
11

−⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

Activity 7.6
1. a) 24  b) (− 6) c) 14

2. a) 30  b) 21 c) (−38)
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7. i1 = −2, i2 = 1, i3 = −1 

8. A = (−1) , B = (−1) and C = 2  

Activity 7.9

1. M = 

0 1 1 0
1 0 0 0
1 0 0 1
0 0 1 0

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 M2 provides the number of two-step paths between the points.

2. a) A2 = 

0 1 0 0
0 0 1 0
1 0 0 0
1 1 0 0

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

   A3 = 

1 0 0 0
0 1 0 0
0 0 1 0
1 0 1 0

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

  

  b) A + A2 + A3 = 

1 1 1 0
1 1 1 0
1 1 1 0
2 2 2 0

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 A is disconnected.

3. a) 256 228 340 425 256 279 396 443 b) Flee

4. Rotation through 90° about O (quarter turn anticlockwise)

5. a) 0 1
1 0

⎛ ⎞
⎜ ⎟−⎝ ⎠

 b) Rotation through (−90°) about O (quarter turn clockwise) 
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